In a general metric theory of gravitation in four dimensions, six polarizations of a gravitational wave are allowed: two scalar and two vector modes, in addition to two tensor modes in general relativity. Such additional polarization modes appear due to additional degrees of freedom in modified theories of gravitation or theories with extra dimensions. Thus, observations of gravitational waves can be utilized to constrain the extended models of gravitation. In this paper, we investigate detectability of additional polarization modes of gravitational waves, particularly focusing on a stochastic gravitational-wave background, with laser-interferometric detectors on the Earth. We found that more than three detectors can separate the mixture of polarization modes in detector outputs, and that they have almost the same sensitivity to each polarization mode of stochastic gravitational-wave background.
In a general metric theory of gravitation in four dimensions, six polarizations of a gravitational wave are allowed: two scalar and two vector modes, in addition to two tensor modes in general relativity. Such additional polarization modes appear due to additional degrees of freedom in modified theories of gravitation or theories with extra dimensions. Thus, observations of gravitational waves can be utilized to constrain the extended models of gravitation. In this paper, we investigate detectability of additional polarization modes of gravitational waves, particularly focusing on a stochastic gravitational-wave background, with laser-interferometric detectors on the Earth. We found that more than three detectors can separate the mixture of polarization modes in detector outputs, and that they have almost the same sensitivity to each polarization mode of stochastic gravitational-wave background. 
I. INTRODUCTION
In recent years, direct detection experiments of a gravitational wave (GW) have been well developed. The first generation of a kilometer-scale groundbased laser-interferometric GW detector, located in the United States (LIGO), Europe (VIRGO and GEO 600), and Japan (TAMA 300), has begun its search for gravitational-waves and has yielded scientific results: especially for a stochastic gravitational-wave background (GWB), the upper limit on the energy density has been obtained [1, 2, 3] . However, the first detection of the GW has not been achieved yet. The development of interferometers of the next generation, such as AIGO [4] , advanced LIGO [5] , advanced VIRGO [6] , and LCGT [7] , is underway. In the coming decade, a direct detection of GWs will be made, and the GW experiments will be a key observational tool to obtain valuable information about astronomical objects and physics of the early universe.
The direct observation of the GWs will also provide a unique opportunity to test the theory of general relativity (GR), through the propagation speed, waveforms, and polarization modes of GWs. In GR, a GW has two polarization modes (plus and cross modes), while in a general metric theory of gravitation, the GW is allowed to have, at most, six polarizations [8, 9] . In the extended theory of gravitation such as Brans-Dicke theory [10, 11] and f (R) gravity [12] , the GW has additional polarization modes, because of extra degrees of freedom involved with * Electronic address: atsushi.nishizawa@nao.ac.jp scalar fields. In the theories with extra dimensions such as the Kaluza-Klein theory and the Dvali-GabadadzePorrati (DGP) braneworld model [13] , gravitons are able to propagate into extra dimensions, and have additional polarizations. If additional polarizations are found, it indicates that the theory of gravitation should be extended beyond GR, and excludes some theoretical models, depending on which polarization modes are detected. Thus, the observation of the GW polarizations is a powerful tool to probe the extended law of gravity and extra dimensions. Subsequently, we can also investigate the accelerated expansion of the universe [14, 15] .
Currently, there are few observational constraints on the additional polarization modes of GWs. For the scalar GWs, the observed orbital-period derivative of PSR B1913+16 agrees well with predicted values of GR, conservatively, at a level of 1 % error [16] , indicating that the contribution of scalar GWs to the energy loss is less than 1 %. Another constraint on a scalar GWB has been obtained from the amplitude of scalar perturbations in the WMAP data, which corresponds to h 
10
−12 [17, 18] , where the critical density of the universe is ρ c = 3H 2 0 /8πG and the Hubble constant is H 0 = 100 h 0 km s −1 Mpc −1 . On the other hand, little work on a direct search has been done so far, except for the recent work by Lee, Jenet, and Price [19] . The authors have investigated the detectability of non-Einsteinian (non-GR) polarizations of a GWB at the frequencies, ∼ 10 −8 Hz, with pulsar timing, and showed that the non-Einsteinian polarizations can be discriminated with 40 -60 stable pulsars. In this paper, using multiple laser-interferometric GW detectors on the Earth (at ∼ 100 Hz), we present a method for sep-arating a mixture of the polarization modes of the GWB and detecting non-tensorial polarization modes. This paper is organized as follows. In Sec. II, we define the six polarization modes of a GW. In Sec. III, we investigate the response of a single detector to the GW propagating in a certain direction with each polarization mode. In Sec. IV, we focus on a GWB, and describe crosscorrelation between two detectors, extending the analysis to the non-tensorial polarizations. Then, we discuss an optimal location and orientation of the detectors, and the detectability of the GWB with a single polarization mode. In Sec. V, we consider the separation of a polarization mode using multiple detectors, which is the main subject of this paper, and estimate the detector sensitivity to the GWB for various combinations of multiple detectors. Finally, Sec. VI is devoted to conclusions and discussions for future prospects.
II. GW POLARIZATION MODES
In general, a metric gravity theory in four dimensions allows, at most, six polarization modes of a GW [8, 9] . If a spacetime includes extra dimensions, the number of polarization modes can be more than six. However, once the polarizations are projected onto our 3-space, the polarizations we observe are degenerate, and are classified into six polarizations. For the GW propagating in the z direction, the bases of the six polarizations are defined by (x, y, and z components are from the left to the right or the top to the bottom in the tensors.) 
where +, ×, b, ℓ, x, and y denote plus, cross, breathing, longitudinal, vector-x, and vector-y modes, respectively. The tildes are fixed to represent that the polarizations are defined in our 3-space, not in a spacetime with extra dimensions. Each polarization mode is orthogonal to one another and is normalized so that e A ijẽ ij A ′ = 2δ AA ′ , A, A ′ = +, ×, b, ℓ, x, and y. Note that the breathing and longitudinal modes are not traceless, in contrast to the ordinary plus and cross polarization modes in GR. In Fig. 1 , we illustrate how each GW polarization affects test masses arranged on a circle. According to rotation symmetry around the propagation axis of the GW, the + and × modes can be identified with tensor-type (spin-2) GWs, the x and y modes are vector-type (spin-1) GWs, and the b and ℓ modes are scalar-type (spin-0) GWs.
The polarization modes in various alternative theories are summarized in Table I . All polarizations do not necessarily appear in all theoretical models. Most of the gravity theories in cosmologically interesting situations are the variant of the scalar-tensor theory, where no vector polarization appears.
III. RESPONSE OF A SINGLE GW DETECTOR
In this section, as preliminaries of later analysis, we consider the response of a single detector to a GW propagating in a certain direction. A perturbed metric h ij , which represents the GW propagating in threedimensional space, is decomposed into the six polarization modes as
where h A , A = +, ×, b, ℓ, x, and y are the amplitudes of GWs for each mode.
Although a detector output actually depends on the GW amplitude determined by a specific theoretical model, we can discuss the detector response to each GW polarization without specifying a certain theoretical model. The angular pattern function of a detector to GWs is given by
where the symbol : denotes contraction between tensors, and D is a so-called detector tensor, which describes the response of a laser-interferometric detector and maps the gravitational metric perturbation to a GW signal from the detector. The unit vectorsû andv are orthogonal to each other and are directed to each detector arm, which form an orthonormal coordinate system with the unit vectorŵ, as shown in Fig. 2 .Ω is the unit vector directed at the GW propagation direction. Note that the detector tensor, Eq. (2), is valid only when the arm length of the detector is much smaller than the wavelength of GWs that we consider. This is relevant for our purpose to deal with the ground-based laser interferometers. Suppose that an orthonormal coordinate system for the detector is 1 In a general five-dimensional spacetime, two scalar modes are correlated and behave as one degree of freedom. 2 In the case that graviton is massless (mg = 0), the longitudinal mode vanishes. On the other hand, in the case of massive graviton (mg = 0), the breathing and longitudinal modes are correlated.
The most general choice of the coordinates is obtained by the rotation with respect to the angle ψ around the GW-propagating axis,
The coordinate system (û,v,ŵ) is related to the coordinate system (m,n,Ω) by the rotation angles (φ, θ, ψ), shown in Fig. 2 . Using the unit vectorsm,n, andΩ, the polarization tensors in Eq. (1) can be written as e + =m ⊗m −n ⊗n , e × =m ⊗n +n ⊗m , e b =m ⊗m +n ⊗n ,
Then, from Eqs. (2), the angular pattern functions for each polarization result in
From the dependence on the angle ψ, the + and × modes are tensor type (spin-2), the x and y modes are vector type (spin-1), and the b and ℓ modes are scalar type (spin-0). The angular pattern functions of the breathing and longitudinal modes are completely degenerated, which prohibits one to decompose the two scalar modes with a laser-interferometric GW detector. We plot the angular pattern functions for each non-tensorial polarization in Fig. 3 , and the angular pattern functions for the tensor, vector, and scalar modes in Fig. 4 . These results are consistent with those obtained in [27, 28, 29] .
IV. CROSS CORRELATION
We focus on a stochastic GWB [42] , based on the detector responses obtained in the previous section, and discuss cross correlation between a pair of detectors.
A. Correlation analysis
To distinguish the GWB signal from stochastic detector noise independent in each detector, one has to correlate signals between two detectors. The correlation analysis has been well developed by several authors [30, 31, 32] . In this section, we extend the method to the non-tensorial polarizations.
At a position X, the gravitational metric perturbations in our 3-space are given by
whereh A (f,Ω) is the Fourier transform of the GW amplitude with polarizations A = +, ×, b, ℓ, x, and y. In Eq. (9), we assumed that gravitons propagate with the speed of light in our 3-space. Strictly speaking, gravitons propagate with the speed less than that of light, if they are massive in some modified gravity theories or are projected onto our 3-space in the presence of extra dimensions. However, the mass is constrained by several observations of the galaxy [33] , the solar system [34] , and binary pulsars [35] . The limits from the galaxy and the solar system are obtained from the observation in static gravitational fields, while the limit of binary pulsars comes from the change of the orbital period of the binary pulsars (PSR B1913+16 and PSR B1534+12), in dynamical gravitational fields (The limit from the galaxy is the most stringent, but may be less robust.). Thus, here we adopt the binary pulsar bound. Finn and Sutton [35] considered energy loss from the binary system by emission of massive gravitons, and obtained the limit on the mass of gravitons, (m g /ω orbit ) 2 < 0.003, where ω orbit is the orbital frequency of the binary. This limit implies
The gravitons cannot change their speed by more than 0.2% from the speed of light. Thus, setting v g = c does not affect cross-correlation analysis qualitatively. Hereafter we set v g = c. Using Eqs. (9) and (2), GW signal h(t) can be written as
Thus, the Fourier transform of Eq. (10) is
We assume that a stochastic GWB is (i) isotropic, (ii) independently polarized (not correlated between polarizations) [43] , (iii) stationary, and (iv) Gaussian, which are discussed in [32] . Then, all the statistical properties of the GWB are characterized by 
spectral density of each polarization mode. Conventionally, the amplitude of GWB for each polarization is characterized by an energy density per logarithmic frequency bin, normalized by the critical energy density of the Universe:
where ρ c = 3H 2 0 /8πG and H 0 is the Hubble constant.
Note that the above definition is different from that in the literature [32, 36] , by a factor of 2, since it is defined for each polarization. It is convenient to represent the energy density with the form h 2 0 Ω gw (f ) by parametrizing the Hubble constant as H 0 = 100 h 0 km s −1 Mpc −1 . We assume that + and × modes are not polarized (The detectability of circular polarizations in the polarized case has been discussed in [37, 38, 39, 40] .). We also assume that x and y modes are not polarized. In most of the cosmological scenarios, these assumptions are valid. Then, the GWB energy density of tensor, vector, and scalar modes can be written as
where the ratio of the energy density in the longitudinal mode to that in the breathing mode is characterized by the parameter κ ≡ Ω ℓ gw /Ω b gw . Let us consider the outputs of a detector, s(t) = h(t) + n(t), where h(t) and n(t) are the GW signal and the noise of a detector. We assume that the amplitude of GWB is much smaller than detector noise. Cross-correlation signal Y between two detectors is defined as
where s I and s J are outputs from the I-th and J-th detectors, and T is observation time. Q(t − t ′ ) is a filter function, which is later introduced so that signal-to-noise ratio (SNR) is maximized. In terms of the Fourier representation, we obtain
In the above derivation, we took the limit of large T for one of the integrals. This is justified by the fact that, in general, Q(t−t ′ ) rapidly decreases for large |t−t ′ |. In the absence of intrinsic noise correlation, the correlation signal obtained above ideally has a contribution from only the GWs. Thus, taking the ensemble average of Eq. (19) leads to
Substituting Eq. (11) into Eq. (20) and using Eqs. (12) and (14), we obtain
where we defined
The parameter ξ is in the range 1/3 ≤ ξ ≤ 2/3 and characterizes the ratio of the energy in the longitudinal mode to the breathing mode. We also defined overlap reduction functions
These functions are normalized so that they give unity in the low-frequency limit, which is easily verified by using Eqs. (3) - (8) . The overlap reduction function represents how much degree of correlation between detectors in the GW signal is preserved. Next, we will calculate the variance of the correlation signal. Here we assume that noises in two detectors do not correlate at all and that the magnitude of the GW signal is much smaller than that of noise. Consequently, the variance of the correlation signal is
where the weak-signal assumption for the GWB is used. Then, using Eq. (19), it follows where the one-sided power spectrum density of noise is defined by
Now we can determine the form of the optimal filter Q(f ). Equations (21) and (26) are expressed more simply, using an inner product
where
S is simply written by γΩ gw . From Eqs. (27) and (28), the SNR for GWB is defined as SNR ≡ µ/σ. Therefore, the filter function, which maximize the SNR , turns out to bẽ
with an arbitrary normalization factor K. Applying this optimal filter to the above equations, we obtain the optimal SNR
SNR = 3H
2 0
B. Overlap reduction function
Here we present the analytical expressions for the overlap reduction functions given in Eqs. (22) - (24), perform-ing the angular integrals by expanding the overlap reduction functions with tensorial bases. Following [32] , they are, in general, expressed in terms of the detector tensor D ij , and a unit vectord i , defined byd i ≡ ∆ X/|∆ X|: 
for the scalar mode. Details of the derivation are summarized in Appendix A. Here, j n (α) is the spherical Bessel function with its argument given by
To further investigate the dependence of the overlap reduction function on the detector configurations, especially for ground-based detectors, we introduce the coordinate system on the Earth shown in Fig. 5 . This coordinate system significantly simplifies the expression in Eq. (31) . The relative location and orientation of two detectors are characterized by the three parameters, (β, σ 1 , σ 2 ). The β is the separation angle between two detectors, measured from the center of the Earth. The angles σ 1 and σ 2 , are the orientations of the bisector of two arms of each detector, measured in a counterclockwise manner relative to the great circle connecting the two detectors. The distance between two detectors is given by
where the radius of the Earth is R E = 6371 km. Defining new parameters,
we can completely fix the relative position and orientation of a detector pair by the three parameters, (β, σ + , σ − ). In the coordinate system on the Earth, the overlap reduction functions, Eq. (31), can be reduced to
• Vector mode
• Scalar mode Table II .
C. Overlap reduction functions of specific detectors
Let us consider the overlap reduction functions for an existing detector pair on the Earth. Given the relative coordinates (β, σ + , σ − ) of a detector pair, the overlap reduction functions can be plotted as a function of frequency.
The positions and orientations of the currently operating and planned kilometer-size interferometers are listed in Table II . To specify the detector positions on the Earth, we use a spherical coordinate system (θ, φ) with which the north pole is at θ = 0
• , and φ represents the longitude. The orientation angle ψ is the angle between the local east direction and the bisecting line of two arms of each detector measured counterclockwise. Hereafter we will consider only advanced (the second-generation) detectors: AIGO [4] , LCGT [7] , advanced LIGO (H1) and LIGO (L1) [5] , and advanced VIRGO [6] , because the pairs of the advanced interferometers are more sensitive to a GWB and have more opportunity to detect a GWB. From the positions and orientations in Table II , the relative positions and orientations (β, σ + , σ − ) for each detector pair are determined, and are listed in Table  III . The combinations are also illustrated in Fig. 6 . The overlap reduction functions, calculated with the parameter set (β, σ + , σ − ) for a real-detector pair, are shown in Fig. 7 and Fig. 8 .
The overlap reduction functions start to oscillate and decay rapidly above the characteristic frequency f c , given by f c ≡ c/(2|∆X|). Numerical values of f c for specific detector pairs are listed in Table III . At low frequencies, the functions approach constant values, whose value are determined by the relative orientation of the detector pair. The difference of the behavior between the polarization modes appears at around the characteristic frequency. Mathematically, this is because the coefficients of j 0 in Eqs. (34) and (35), (37) and (38) , and (40) and (41) are exactly the same, while the coefficients of j 2 and j 4 are different (j 0 → 1, j 2 → 0, and j 4 → 0). At much higher frequencies, since the overlap reduction function signif- icantly reduces, the most interesting frequency range is around the characteristic frequency, e.g., ∼ 10 − 100 Hz for the detectors on the Earth.
D. Optimal detector configuration
There are three parameters specifying the detector configuration. We seek an optimal detector configuration, which maximizes the SNR given in Eq. (30) . From the overlap reduction function in Eqs. (33) , (36) , and (39), the optimal configuration of the detectors can be classified into two types:
cos(4σ + ) = − cos(4σ − ) = ±1 , Type (ii) : cos(4σ + ) = cos(4σ − ) = ±1 , which are illustrated in Fig. 9 . In type (i), the solutions are σ 1 = π/4 mod π, σ 2 = −π/4 mod π for the plus sign, and σ 1 = π/4 mod π, σ 2 = π/4 mod π for the minus sign. This means that the great circle connecting two detectors is parallel to one of the arms of both detectors. As for type (ii), the solutions are σ 1 = 0 mod π, σ 2 = 0 mod π for the plus sign, and σ 1 = π/2 mod π, σ 2 = 0 mod π for the minus sign. This corresponds to the case in which the great circle connecting two detectors is parallel to the bisector of the two arms of each detector, or is directed in the orientations that one of the detectors is rotated by multiples of π/2 from the former. Therefore, the optimal configuration is realized when one of the arms of the two detectors is parallel or rotated by multiples of 45 degrees, relative to the great circle connecting two detectors. Note that both types of the configurations are not simultaneously optimal one. Whether the configuration is optimal or not depends on the signs of the functions Θ M+ and Θ M− , M = T, V, S.
E. SNR
We calculate the SNR for each mode with two detectors, assuming that only one polarization mode (tensor, vector, or scalar mode) exists. The separation of the polarization modes is addressed in the next section.
The SNR for each polarization mode can be calculated by using the formula, Eq. (30). As for the power spectra of the detector noise P I (f ), we assume that, for simplicity, all advanced detectors (A, C, H, L, V) have the same noise as that of advanced LIGO. The analytical fit of the noise power spectrum of the advanced LIGO, based on [41] , is given by [40] In the SNR calculation, we assume that the Ω gw is independent of frequency, i.e., Ω gw is const.. It is useful to write the results for each mode with normalized SNR, defined by
,
0 Ω gw has to be replaced with ξh 2 0 Ω gw for the scalar mode). Note that the above value of SNR(β = 0) is identical for each polarization mode, because of the degeneracy of them at the low frequencies.
In Fig. 10 , the normalized SNRs for the possible optimal configuration of detector pairs, type (i) and (ii), are shown as a function of β. Interestingly, most of the detector pairs have almost the same sensitivity to the three modes. In Fig. 11 , the optimal SNR, max SNR| type(i) , SNR| type(ii) , is shown as a function of β, together with SNRs of specific detector pairs for each mode. The SNRs of the specific detector pairs, except for AIGO-LIGO (H1) and AIGO-LIGO (L1) pairs, are smaller than the optimal one due to the incomplete coincidence of the detector orientations. It is interesting to note that the SNR of the optimal detector configuration for the scalar mode is enhanced at the distance relatively close, while that for the tensor mode is enhanced at the distance relatively far. This feature can be intuitively interpreted by the angular responses of the detector shown in Fig. 4 . At β ∼ π/2, the angular responses of the tensor mode between two detectors are less overlapped than those of the scalar and vector modes. On the other hand, at β ∼ π, the angular responses of the tensor mode between two detectors are more overlapped.
SNRs with a specific detector pair are tabulated in Table IV . As anticipated from Fig. 11 , a laserinterferometric GW detector is sensitive to a GWB with the non-tensorial polarizations, having almost the same SNR as the tensor mode.
For further understanding of the distance dependence of each polarization mode, it is helpful to consider an antipodal detector pair on a virtual earth with an arbitrary radius R. The SNRs of the antipodal detector pair depend only on the distance between the detectors. In the antipodal case, setting β = π and σ + = π/4 (σ 1 = 0 and detector pair h σ 2 = π/2) gives the overlap reduction functions,
The separation between the detectors is
Given the overlap reduction functions, we can compute normalized SNRs, which are shown in Fig. 12 . The SNRs monotonically decrease proportional to the separation between the detectors. At relatively small distance, the SNR for each polarization mode is comparable to each other, while at relatively large distance, the SNR of the tensor mode shows slower decay than that of other modes.
V. MODE SEPARATION
In practical observation of a stochastic GWB, three polarization modes of a GWB are mixed in the detector cross-correlation signal. The decomposition of the modes is an important issue. In this section, in the presence of all polarization modes (tensor, vector, and scalar), we discuss how to separately detect each polarization mode of the stochastic GWB. Let us consider the case in which three detectors are available. From Eq. (19), the cross-correlation signal between the I th and J th detectors is given by
Comparing Eq. (19) with Eq. (21), we define a statistic,
This statistic contains the contribution from noise terms. However, by taking ensemble average, the noise terms vanish, because we are assuming that the detector noises are independent each other. Then, we obtain three crosscorrelation signals
with a detector correlation matrix
where the subscripts, I, J = 1, 2, and 3, discriminate the detectors. Therefore, the modes can be separated by inverting Eq. (44), namely,
The explicit expression of Π −1 , which we call a separation matrix, is
For the mode separation, the condition, det Π = 0, is required and should be checked. As we will verify later, in the case of the specific detectors on the Earth, we can safely perform the integration of the SNR. Next, we derive the SNR formula for separate detection of each polarization mode with three detectors. The GW signal and detector noise are given by replacing s * I (f )s J (f ) in Eqs. (43) and (26) with a certain combination 
and the detector noise (the variance of µ) is
Hereafter we omit the subscript M for the simplicity of the expressions. Note that, however, H g , H n , and SNR below are different functions for each polarization mode. Defining
and an inner product
we can write Eqs. (47) and (48) into
Thus, to optimize the SNR, the optimal filter should be chosen asQ
Substituting the specific form of the optimal filter in Eqs. (51) and (52), one obtain the SNR formula after the mode separation as
Using this formula, we calculate the SNRs. For simplicity, we assume that all detectors have the same noise power spectrum, P (f ) = P 1 (f ) = P 2 (f ) = P 3 (f ). In this case, H 
• vector mode
• scalar mode In the above equations, we define the function W M (f ), M = T, V, and S. Comparing Eq. (53) with Eq. (30), we can interpret W M (f ) as an effective overlap reduction function in the case of the polarization mode separation with three detectors. As we noted earlier, the condition det Π = 0 is needed in order to successfully separate the polarization modes. However, we can safely perform the integral, because the contribution to the SNR automatically drops out from the integral when det Π = 0. Another concern about the integral is the pole of W M (f ). For completeness, we checked that W M (f ) of all threedetector sets do not diverge at any frequency in the observation frequency band, as an example, which is shown in Fig. 13 .
Assuming that GWB spectra are independent of frequency and that observation time is T = 3 yr, we obtain the SNRs after the mode separation with three specific A -C -V 1.3 × 10 −8 1.0 × 10 −8 6.8 × 10
A -H -L 3.8 × 10 detectors. The detectable GWB-energy density with advanced detectors with the detection threshold SNR = 5 is shown in Table V . In comparison with the SNRs in the presence of a single polarization mode in Table IV , three detector combinations have almost the same sensitivity to three polarization modes even when the modes are separated. Although we considered the three-detector case above, one can also perform the correlation analysis with more than four detectors [32, 40] . In the case of N detectors available, there are N pair = N (N − 1)/2 correlation signals from detector pairs. Then, the number of independent combinations for the three-mode separation is N pair − 2. The additional combinations can be exploited in order to optimally weight the correlation signals and to enhance the SNR. Such an analysis with multipledetector pairs has been done in [32, 40] . However, the SNR is not significantly improved when noisy or largely separated detectors are added, because the SNR is mainly determined by the sensitive three detectors among the detector network. Therefore, in the case of more than four detectors, the SNRs are not much different from those provided in Table V .
VI. DISCUSSIONS AND CONCLUSIONS
In this paper, we investigated the detectability of additional polarization modes of a stochastic GWB with ground-based laser-interferometric detectors. Such polarization modes, in general, appear in the extended theories of gravitation and the theories with extra dimensions, and can be utilized to constrain the theories beyond GR in a model-independent way. We extended the formalism of the cross-correlation analysis, including the additional polarization modes, and calculated the detectable energy density of the GWB. In the presence of a single polarization mode, a detector pair has almost the same sensitivity to tensor, vector, and scalar modes, and can detect the GWB of h 2 0 Ω gw ∼ 10 −9 with SNR = 5. We showed that the mixture of the three polarization modes in the correlation signals can be separated with more than three independent detectors at different sites, and that the separation does not significantly affect the SNR, which is comparable to the SNR obtained in the presence of a single polarization mode. It is interesting that the most sensitive detector set for one polarization mode does not necessarily coincide with that for other polarization mode: the best detector set is A-H-L for the tensor polarization and A-C-H for the vector and scalar polarizations (The noises of all the detectors are assumed to be identical with that of advanced LIGO.).
We showed that the existence of the non-tensorial polarization modes in a GWB can be probed with more than three detectors. What we know from the observation is the energy density of the GWB for each polarization, which is present in the Universe. If the GWB is not detected, we obtain the upper limit. To select the correct theories or constrain the theories, we need to compare the GWB spectrum obtained in the observation with that predicted in a specific theory. So, the derivation of the GWB spectrum in a specific theory is the important issue that should be addressed, but we will leave it for future work.
In this Appendix, we provide a tensorial expansion of the overlap reduction function, which allows us to perform the angular integral about a GW-propagating direction, without specifying a detector configuration.
Defining
the overlap reduction functions, Eqs. (22), (23), and (24), can be written as
where the superscript M distinguishes polarization modes, M = T (tensor), V (vector), and S (scalar). However, since the following calculations are parallel for all polarization modes, we omit M = T, V, and S. In Eqs. (A1), (A2), and (A3), the summation about the polarizations is A = +, × for the tensor mode, A = x, y for the vector mode, and A = b, ℓ for the scalar mode, respectively. The tensor Γ ijkℓ has the symmetric properties,
Consequently, thanks to the symmetries, Γ ijkℓ can be expanded in tensorial bases as Γ ijkℓ (α,d ) = C 1 (α)δ ij δ kℓ + C 2 (α)(δ ik δ jℓ + δ jk δ iℓ ) + C 3 (α)(δ ijdkdℓ + δ kℓdidj ) + C 4 (α)(δ ikdjdℓ + δ iℓdjdk + δ jkdidℓ
Here we define the contracted quantities of Γ ijkℓ with the tensorial bases, On the other hand, from Eq. (A1), q 1 , · · · , q 5 can be explicitly integrated with respect to the propagation direction of GWs over the celestial sphere, by temporarily introducing a coordinate such that Ω ·d = cos δ ≡ x,m ·d = 0,n ·d = − sin δ, and by using the integral formulae of spherical Bessel functions j n (x), 
